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Abstract 

We propose a resolution for the fermion doubling problem in dis- 
crete field theories based on the fuzzy sphere and its Cartesian prod- 
ucts. 



The nonperturbative formulation of chiral gauge theories is a long stand- 
ing programme in particle physics. It seems clear that one should regularise 
these theories with all symmetries intact. There are two major problems as- 
sociated with conventional lattice approaches to this programme, both with 
roots in topological features: (1) The well-known Nielsen-Ninomiya theo- 
rem Ijl]] states that if we want to maintain chiral symmetry, then under plau- 
sible assumptions, one cannot avoid the doubling of fermions in the usual 
lattice formulations . (2) It is not straightforward to understand features 
like anomalies with naive ultraviolet cut-off. 

Recently a novel approach to discrete physics has been developed. It 
works with quantum fields on a "fuzzy space" M. f obtained by treating the 
underlying manifold as a phase space and quantising it . The earliest 
contributions to topological features of the emergent fuzzy physics came from 
Grosse, Klimcik and Presnajder 0]. They dealt with monopoles and chiral 
anomaly for the fuzzy two-sphere 5*1^ and took particular advantage of super- 
symmetry . Later Baez et al. |T^ further elaborated on their monopole work 
and developed the fuzzy physics of cr— models and their solitons using cyclic 
cohomology |TT],[T2|. An attractive feature of this cohomological approach 
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is its ability to write analogues of continuum winding number formulae and 



derive a fuzzy Belavin-Polyakov bound [jTO . 

In this paper, we propose a solution of the fermion doubling problem for 
Ai = S"^ using fuzzy physics . An alternative approach, also using fuzzy 
physics, can be found in while further developments of our method with 



applications to instantons and chiral anomaly is reported in 1 13]. There have 



also been important developments |]T4| in the theory of chiral fermions and 



anomalies in the usual lattice formulations. They avoid fermion doubling by 
relaxing the requirement that chirality and Dirac operators anticommute. In 
contrast, fuzzy physics needs no such relaxation. 

Quantisable adjoint orbits of compact semi-simple Lie groups seem amenable 
to the full fuzzy treatment and lead to manageable finite dimensional matrix 
models for quantum fields . There are two such manifolds in dimension four, 
namely S'^xS'^ and CP^ . Our methods readily extend to S'^xS'^. They 
are not anticipated to encounter obstructions for CP^ as well. But we have 
not yet fully worked out its noncommutative geometry. The published work 
of Grosse and Strohmaier [|T5| on CP^ gives their description of fuzzy 4d 



fermions. 

A sphere S"^ is a submanifold of M^: 



S' = {neR':J2ri^ = l). (1) 

1=1 

If Hi are the coordinate functions on 5*^, ni{n) = rii, then Ui commute and the 
algebra A of smooth functions they generate is commutative. In contrast, 
the operators Xi describing Sp are noncommutative: 

[xi, Xj] = ^^^^ ^ ' X^^* ^ ^ ^ {2'^' 2 ' ' '^^^ 

The Xi commute and become in the limit / 00. If Lj = [/(/ + 
then [Li,Lj] = leijkLk and '^Lf = l{l + 1), so that Lj give the irreducible 
representation (IRR) of the SU{2) Lie algebra for angular momentum /. Li 
or Xi generate the algebra A = M2/+1 of (2/ + 1) x (2/ + 1) matrices. 

Scalar wave functions on S*^ come from elements of A. In a similar way, 
elements of A assume the role of scalar wave functions on 5*1^. A scalar 
product on A is rf) = TrC,^!]. A acts on this Hilbert space by left- and 
right- multiplications giving rise to the left and right- regular representations 
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j\L,R q£ Pqj. each a e ^4, we thus have operators a^'^ G A^'^ acting on 
& A according to a^C, = a^, = ^a- [Note that a^b^ = (ab)^ while 
Q^RjjR — (^l)a)^.'\ We assume by convention that elements of A^ are to be 
identified with fuzzy versions of functions on S"^. Note that there are two 
kinds of angular momentum operators Lf and — Lf for Sp. The orbital 
angular momentum operator, which should annihilate 1, is Ci — Lf — Lf. C 
plays the role of the continuum —i{fx V). 

The construction of the Dirac operator is of crucial importance for fuzzy 
physics. The following two Dirac operators on S"^ have occurred in the fuzzy 
literature : 

Pi = a.H(fxV)] + l, (3) 
'^2 = eijktJifijJk, (4) 

where 

>7k = [—i{x X V)]fc + crfc/2 = Total angular momentum operators . 

(5) 

There is a common chirality operator T anticommuting with both: 

r^a.n = = i, (6) 

rVa + v^r = 0. (7) 

These Dirac operators in the continuum are unitarily equivalent, 
V2 = exp(i7rr/4)Piexp(-i7rr/4) 

(8) 

and have the spectrum 

Spectrum of = + 1/2) : j e {1/2, 3/2, ...}}, (9) 

where j is total angular momentum (spectrum of J''^ = + 1)} ). 

Since \Va\ (= positive square root of ) for both a share the same 
spectrum and eigenvectors by (9) and rotational invariance, iT^il = \'D2\. 
Further being multiples of unity for each fixed j, they commute with the 
rotationally invariant F. As they are invertible too, we have the important 
identity 
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The discrete version of Vi is: 



Di = <?.£ + !. (11) 

Its spectrum is 

Spectrum of A = |±(j + i) : j g | . . . 2/ - 

U {(j + ^):j = 2/ + l|. (12) 
It is easy to derive ([T^) by writing 

B, = J^-£^-(|)' + l, (13) 
'I ^ 

Ck + — = Jk = Total angular momentum operators. (15) 

We let j{j + 1) denote the eigenvalues of . Then for = k{k + 1), A; G 
{0, 1, . . . 21}, if j = A; + 1/2 we get +(j + 1/2) as eigenvalue of Di, while if 
j = A; - 1/2 we get -(j + 1/2). The absence of -{21 + 1/2) in is just 
because k cuts off at 2/. (The same derivation works also for T>i). 
The discrete version of V2 is : 



D2 — —t'ijkO'iXj Jk — eijkCTiXjLf. 
D2 is no longer unitarily equivalent to Di, its spectrum being 



(16) 



Spectrum of D2 



±(J + 1/2) 



1 + 



- (j + 1/2)^ 
4/(/ + l) 



1/2 



. Mi|...a + i}|u{0:, = 2( + i}. 



(17) 



The first operator has been used extensively by Grosse et al while 
the second was first introduced by Watamuras 0, §]• It is remarkable that 
the eigenvalues (|I2[) coincide exactly with those of T>a upto j = (2/ — 1/2). In 
contrast D2 has zero modes when j = 2/ + | and very small eigenvalues for 
large values of j, both being absent for ■ So Di is a better approximation 

to Va- 

But Di as it stands admits no chirality operator anti-commuting with it. 
This is easy to see as its top eigenvalue does not have its negative in the 
spectrum. Instead D2 has the nice feature of admitting a chirality operator: 
the eigenvalue for top j, even though it has no pair, is exactly zero. So the 
best fuzzy Dirac operator has to combine the good properties of Di and D2. 
We suggest it to be Di after projecting out its top j mode. We will show 
that it then admits a chirality with the correct continuum limit . 

The chirality operator anticommuting with D2 and squaring to 1 in the 
entire Hilbert space is 

t a.L^ - 1/2 
7. = 7] = -^^, (18) 

72 = 1- (19) 

An interpretation of 72 is that (l±72)/2 are projectors to subspaces where 
(-L^ + a/2)2 have values (/±|)(/±| + 1) From (16) follows the identity 



[D„^2] =-2i\D2-A = (20) 

Now and |Da|(= nonnegative square root of D"^) are multiples of identity 
for each fixed j, and 72 commutes with J . Hence they mutually commute : 



[A, B] = for A , 5 = Dl,\D^\ or 72 . (21) 
Therefore from (20), 



{D,,D2} = ^[Dl^2]=0. (22) 
In addition we can see that 
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If 



[DlDp] = [\D^lDf,]=0. 



(23) 



— TW~\ subspace V with j < 21 — 1/2, 

\-L'a I 

= on the subspace with j = 2/ + 1/2. (24) 

it follows that 

ei = ei , 62 = 62 , 63 = zeie2 (25) 

generate a Clifford algebra on V . That is, if P is the orthogonal projector 
on V , 



= 0, C^W, (26) 

then 

{ea,ef,} = 2d^pP. (27) 

All this allows us to infer that {63, Di} = so that it is a chirality operator 
for either Di or its restriction PDiP to V.ln addition, m view of {10,25) , it 
has the correct continuum limit as well so that it is a good choice for chirality 
in that respect too . 

A unitary transformation of 63 and Di will not disturb their nice features. 
Such a transformation bringing 63 to 72 on V is convenient . It can be 
constructed as follows . and 72 being rotational scalars leave the two- 
dimensional subspaces in V with fixed values of and J3 invariant . On 
this subspace, Ca and unity form a basis for linear operators, so 72 is their 
linear combination . As 61,63 and 72 anticommute with 62, and all square to 
1, in this subspace , we infer that 72 is a transform by a unitary operator 
U — exp{i9e2/2) of 63 in each such subspace . And can depend only on 
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J by rotational invariance . Thus we can replace PDiP and 63 by the new 
Dirac and chirality operators 



= cose{J^){ieie2) + sm9{J^)ei. (28) 

The coefficients can be determined by taking traces with ei and ieie2 ■ 

We have established that chiral fermions can be defined on Sp with no 
fermion doubling, at least in the absence of fuzzy monopoles. We next extend 
this result to include them as well. 



Monopoles and Instantons: In the continuum, monopoles and instantons 
are particular connection fields u on certain twisted bundles over the base 
manifold Ai. On S"^, they are monopole bundles, on S"^ or CP^, they can be 
SU{2) bundles. 

In algebraic if-theory, it is well-known that these bundles are associated 
with projectors V V is a matrix of some dimension M with 

Vij e A = C°°{M), = V = V^. The physical meaning of V is the 
following. Let A^'^ = ^ ® C*^ = = (6,6 : 6 e ^}. Then 

VA'^^ = {V^ : ^ G A^^} consists of smooth sections (or wave functions) 

of a vector bundle over Ai. For suitable choices of V, we get monopole 
or instanton vector bundles. These projectors are known [16| and those for 
monopoles have been reproduced in |]10| . 

The projectors p(='=-^) for fuzzy monopoles of charge ±N have also been 
explicitly found in [^. They act on = with components 6i...fejv ^ 
A,bi E {1,2}}. Let r^*^ (i = 1,2, ...N) be commuting Pauli matrices, r*^*^ 
has the normal action on the index bi and does not affect bj {j 7^ i). Then 
K = + generates the SU{2) Lie algebra and p*^^^ {p'^'^^) is the 

projector to the maximum (minimum) angular momentum /Cmax = ^ + N/2 

(fc^i, = / - N/2). [K^^) = k^Ukr... + 1)P^''\ K^-""^ = k^Uk^in + 
l)p^^^\] Fuzzy analogues of monopole wave functions are p*^^^M^ . When 
spin is included, we must enhance to p^^^^A^ (8>C^ = p^^'^^M^ ^ = 

with components 6i...f)]v,i ^ ^ • ^i^J ^ {1,2}}. 

The complications to be resolved now are caused by the need to project 
out a subspace of A'^^^^ . It is the analogue of the subspace projected out 
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by P for = 0. In its absence, for example in the continuum, there is a 



canonical way due to Connes |TT| for extending cyclic cohomology to twisted 
bundles. 

In the iV = sector, the projector P cuts out the subspace W of A^. 
When we pass to p^^^^ and thence to p^^^M^ by including spin, the 
subspace to be projected out is not determined by P if 7^ 0, as we shall 
see below. Rather, we can explain it as follows: Let J = K — + a/2 
be the "total angular momentum". Calling J by this name is appropriate 
as its components become (15) for = and displays the known "spin- 
isospin mixing" for 7^ 0. The maximum of J2 on pi±N)^2^+^ 



Jmax( Jmax + 1), ^max = (/ ± + / + 1/2 = 2/ ± N/2 + 1/2. [We assume that 
21 > (A^ — 1)/2.] The vectors to be projected out are those with total angular 
momentum Jmax- If J^^^'^ are the corresponding projectors [with j7'*-°^ = P], 
the twisted space we work with is J^^^'^p'^^^'^ A^''^\ Since p^^^^' commute 
with J and hence with J'^^^\ Q^"^^^ = J'(^^)p(^^^ are also projectors. 

There is no degeneracy for angular momentum Jmax in That 
is because there is only one way to couple / ± A^/2, / and 1/2 to Jmax- The 
space (1 — J'^^^^)p^^^^ A"^ ^ is thus of dimension 2 J^ax + 1- We want to get 
rid of this subspace. 

The operators T = Z) or 7 are zero on (1 — P)A^ where P cuts out states 
of angular momentum 21 + 1/2. There is no degeneracy for this angular 
momentum in A"^. T and P extend canonically to A"^ ® C^^(= A^^^^) as 
T ® 1 and P ® 1. Let us call them once more as T and P. T and P commute 
with J and hence with JT"*-^^-*. There is only one way to couple A^ "isospin" 
1/2's to (2/ + 1/2) to get J^ax so that (1 - J^^^'^){1 - P)A^''^' is also of 
dimension 2 Jmax + 1- And T is zero on this subspace. 

The projectors (1 - j(±^))p(±^) and (1 - J^^^^){1 - P) being of the 
same rank, there exists a unitary operator U on A^^^^ transforming one to 
the other: 

(1 - J(±^))p(±^) = U{1 - :r(±^))(l - P)U-\ (29) 
If we transport T by U, 

r = UTU-\ (30) 

then T' = D', F' or 7' vanishes on (1 — j7'^^^-*)p^^^M^'^^\ On its orthogonal 
complement [1 — (1 — J''^^^^)p^^^^]A^ ^ , invariant under T', 7' squares to 
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unity and anticommutes with D' just as we want. What replaces P now is 
not J^^^\ but rather 



p(0) 



[1 
P. 



(±7V)1 



(31) 
(32) 



As / — > cxD, Jinax becouies dominated by 21 and so we have the freedom to 
let U approach 1. That is, no U is needed in the continuum limit. 

Total angular momentum 2/ + 1/2 + N/2 has no multiplicity in y4^^^\ 
As both (1 - J(^))(l - P)A2^+' and (1 - J^^^)p'^^^ A^""^" have this angular 
momentum, we have that 



(1- J(^))(1-P)A2"^' 

So we choose 

U = 1 on 
Next in accordance with (^), we set 

We also demand that 

[u, M = 0. 



1-JW){1-P)A^''^\ 



(33) 
(34) 
(35) 
(36) 



That fixes U upto a phase on the subspace (1 — J^~^^){1 — P)A^^^\ 

We saw in [^] that (1 ± 7)/2 are projectors for combining —L^ and 
(j/2 to give angular momenta / ± 1/2. So 7 = +1 on all the subspaces 

(l_J^(±^))(l_p)^2-+\ (l_J^(±^))(p(±^))A2'^+\ Also, (^)2isf (f + 1) 

(^) and (^6|) are compatible with 



We now outline an 



on these subspaces. It follows that (|3 
a U commuting with J,, 7, {—L^ + (j/2)^ and ^ ^ 
extension of U to all of A^^*^ consistently with rotational invariance (p6| 
and 



-L 



R 



(37) 



An important consequence is that 



7 =7 



(38) 
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so that 

WJ^^^] = Yi\M = [i,J^^^^] = Q. (39) 
One way to specify U more fully is as follows. Let 

A^""^" =X®X^ = X'®X'^ (40) 
be orthogonal decompositions where 

X = (i-:r(^))(i-p)A2"-^^©(i-:r(-^))(i-p)A2"^\ (41) 
X' = f/x = (1 - :r(^))p(^)A2"+' © (1 - :r(-^))j9(-^)A2"+\ (42) 

Both X and X' are invariant under the self-adjoint operators 



Therefore, the same is the case withX^ andX'^. We can extend C/ to a map 
X"*- — > X'"*" which commutes with the above operators. There would still be 
uncertainties about choosing U requiring further conventions for elimination. 

Although T' are operators on p(±iv) ^2^+1^ that is not the space of sections 
for the twisted bundles. The latter is, rather, 

g(±^)^2-+^ ^ pi±N) pi±N) ^2-^^ ^ ^i±N)ji±N)^2-^^_ (43) 

It is not an invariant subspace for D' unless D' is projected, or corrected 
by connections as explained in JTsf . However, chirality 7' is well-defined on 



twisted sections because of (|39|). 

We now permanently rename T', p(='=^) and Q*^^^) as follows: 

pi±N) _^ p ^ Qi±N) ^ Q (44) 

7' in any case is 7. 

This completes our construction of Dirac operator and chirality on Sp . 
We may remark here that the algebra for the space SpxSp is A®cA while 
its Dirac and chirality operators are D®1 + '-f^D and 7©7 . 
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